The classes of Monge-Ampère systems, decomposable and bi-decomposable MongeAmpère systems, including equations for improper affine spheres and hypersurfaces of constant Gauss-Kronecker curvature are introduced. They are studied by the clear geometric setting of Lagrangian contact structures, based on the existence of Lagrangian pairs in contact structures. We show that the Lagrangian pair is uniquely determined by such a bi-decomposable system up to the order, if the number of independent variables ≥ 3. We remark that, in the case of three variables, each bi-decomposable system is generated by a non-degenerate three-form in the sense of Hitchin. It is shown that several classes of homogeneous Monge-Ampère systems with Lagrangian pairs arise naturally in various geometries. Moreover the best possible estimates are provided for the symmetries on decomposable and bi-decomposable Monge-Ampère systems, in terms of the geometric structure.
Introduction
The equation
Hess(f ) = det ∂ 2 f ∂x i ∂x j 1≤i,j≤n = c (c = 0) : constant, describes improper (parabolic) affine hyperspheres z = f (x 1 , . . . , x n ) and it plays a significant role in equi-affine geometry. Similarly the equation of Gaussian (Gauss-Kronecker) curvature
for hypersurfaces is important in Riemannian geometry. Note that it is written, for graphs z = f (x 1 , . . . , x n ), as the equation Ampère equations, and they are studied from both geometric and analytic aspects. If we treat these equations in the framework of Monge-Ampère systems, then we realize that they have a specific character. In [I-M], we treated improper affine spheres and constant Gaussian curvature surfaces in R 3 from the view point of Monge-Ampère equations of two variables, and we analyzed the singularities of their geometric solutions. There we effectively used the direct sum decomposition of the standard contact structure D ⊂ T R 5 on R 5 into a pair of two Lagrangian plane fields E 1 , E 2 , namely a Lagrangian pair.
Based on the notion of Lagrangian pairs generalized to the higher dimensional cases, namely, for contact manifolds of dimension 2n + 1, we introduce decomposable and bidecomposable Monge-Ampère systems with Lagrangian pairs in §2. A decomposable (resp. a bi-decomposable) Monge-Ampère system is defined by a decomposable n-form (resp. a sum of two decomposable n-forms) which is compatible with the underlying Lagrangian pair. The class of Monge-Ampère systems with Lagrangian pairs, which is introduced in this paper, is invariant under contact transformations. However it is not trivial that the Lagrangian pair is uniquely associated to a given Monge-Ampère system. Then we are led to natural questions: Is the Lagrangian pair uniquely determined by the decomposable (resp. the bi-decomposable form) form ? Is the Lagrangian pair recovered only from the Monge-Ampère system ? We see that Lagrangian pair is not determined by the decomposable form. Any decomposable Monge-Ampère system with Lagrangian pair (E 1 , E 2 ) is of Lagrangian type in the sense of [M-M] , and the Lagrangian subbundle E 1 is obtained as the characteristic system of the Monge-Ampère system (see also [Mo2] [B-C-3G], Ch.V). However the complementary Lagrangian subbundle E 2 is never unique.
Also we see that Lagrangian pair is not determined by the bi-decomposable form if n = 2. In §3, we show the close relation between Lagrangian pairs and bi-decomposable forms, and answer to the above questions by showing that the Monge-Ampère system has the unique nform as a local generator up to a multiplication by a non-zero function and modulo the contact form (Theorem 3.2) and that such a bi-decomposable form determines the Lagrangian pair (E 1 , E 2 ) uniquely, provided n ≥ 3 (Theorem 3.7). Thus we see that any automorphism of a given Monge-Ampère system with Lagrangian pair induces an automorphism of the underlying Lagrangian pair, if n ≥ 3.
We know thus that the study of Monge-Ampère systems with Lagrangian pairs has close relation with the theory of Takeuchi [Tak] on "Lagrangian contact structures".
From the viewpoint of geometric structures, the comparison of the Lagrangian contact structures and Monge-Ampère systems with Lagrangian pairs goes as follows: we treat MongeAmpère systems with Lagrangian pairs on M = P (T * W ), the projective cotangent bundle over a manifold W of dimension n + 1 in the following two cases.
For the first case, if the base space W has an affine structure, then M = P (T * W ) has the natural Lagrangian contact structure, i.e., a Lagrangian pair. See [Tak] . Moreover a MongeAmpère system with the Lagrangian pair on M is naturally induced, if W has an equi-affine structure. Here an equi-affine structure on W means that W is equipped with a torsion-free linear connection and a parallel volume form on W . See [N-S] . Furthermore if W is the affine flat R n+1 or the torus T n+1 , then we have the generalization of the Hessian constant equation Hess(f ) = c.
For the second case, we take a Lagrangian contact structure on M = P (T * W ) or on the unit tangent bundle T 1 W over W with a projective structure induced from a Riemannian metric on W . Moreover we consider a Monge-Ampère system with Lagrangian pair on M induced from the volume of the Riemannian metric on W . Furthermore if W is a projectively flat Riemannian manifold, that is, one of the spaces E n+1 , S n+1 , H n+1 with constant curvature, we get the generalization of the Gaussian curvature constant equation K = c (see Remark 6.2).
We summarize those subjects as the chart:
an equi-affine structure, the volume structure of a Riemannian metric ←→ a M-A system with Lagrangian pair ↓ ↓ an affine structure, a projective structure ←→ a Lagrangian contact structure
Here the lower row indicates the underlying structures and the upper row indicates the additional structures.
In §4 we recall the theory of Takeuchi. In §5, we study symmetries on a Monge-Ampère system with a Lagrangian pair. Using the results in this paper, we have that the local automorphisms of a Monge-Ampère system with a Lagrangian pair form a finite dimensional Lie group, provided n ≥ 3. We calculate the maximal dimension of automorphism groups for Monge-Ampère systems with flat Lagrangian pairs (Theorem 5.3).
Based on those aspects, we characterize a class of Monge-Ampère systems which includes the equations Hess(f ) = c and K = c, c = 0. In fact, the class of Monge-Ampère equations of type Hess(f ) = F (x 1 , . . . , x n , f (x), p 1 , . . . , p n ), F = 0, is characterized and called the class of Hesse Monge-Ampère systems in §6. We observe that the class of Hesse Monge-Ampère systems is invariant under the contact transformations in the cases n ≥ 3 (Theorem 6.5). For instance, the Legendre dual of the above equation is well defined and given by Hess(f ) = 1 F (p 1 , . . . , p n , n i=1 x i p i − f (x), x 1 , . . . , x n ) .
Note that in the case n = 2, Hess(f ) = ±1 is transformed to the Laplace equation f x 1 x 1 + f x 2 x 2 = 0 or to the wave equation f x 1 x 1 − f x 2 x 2 = 0. Therefore the class of Hesse MongeAmpère systems is not invariant under the contact transformations in the case n = 2.
In the case n = 3, any Monge-Ampère system of the class is given by a non-degenerate three-form ω in the sense of Hitchin [H] with the Hitchin Pfaffian λ(ω) > 0, which is decomposed uniquely up to ordering by two decomposable forms (see [B1] 
and also §3). This fact and its generalizations are the basic reasons behind the above observation.
Further, we provide the unified picture of various subclasses of Monge-Ampère equations with significant examples in arbitrary dimensions from various geometric frameworks.
In §7, we introduce the general method to construct Euler-Lagrange Monge-Ampère system. We apply the method of construction to several situations and obtain several illustrative examples. In §8, based on the general method, we show that homogeneous Monge-Ampère systems with flat Lagrangian pairs arise in a very natural manner, in equi-affine geometry, in Euclidean geometry, in sphere geometry, in hyperbolic geometry, and moreover in Minkowski geometry. For these geometries, we construct Monge-Ampère systems with Lagrangian pairs explicitly and globally. Moreover we show that the estimate proved in §5 is best possible by providing the maximal example.
In this paper we treat, as underlying manifolds for Monge-Ampère systems, contact manifolds of dimensions ≥ 5. We remark that 3-dimensional contact manifolds with Lagrangian pairs have the relation to second order ordinary differential equations with normal form, and they are studied in detail (see [A] 
, Lagrangian pairs can be formulated, at least locally, on symplectic manifolds by means of reduction process. However, in this paper we keep adopting the contact framework of Monge-Ampère equations based on Lagrangian contact structures.
We remark that the paper [M-M] treats the class of decomposable Monge-Ampère systems or Monge-Ampère systems with one decomposability, which are modeled on the MongeAmpère equation Hess(z) = 0 in detail.
We will solve the equivalence problem of Monge-Ampère systems with Lagrangian pairs in a successive paper.
Monge-Ampère systems and Lagrangian pairs
We start with the general definition of Monge-Ampère systems
be a contact manifold of dimension 2n + 1 with a contact structure D ⊂ T M . Recall that a contact structure D is a subbundle of T M of codimension one locally defined by a contact form θ by D = {θ = 0} so that dθ is non-degenerate, that is, symplectic, on the bundle D. Then we mean, by a Monge-Ampère system on M , an exterior differential system M ⊂ Ω M generated locally by a contact form θ for D and an n-form ω on M : for each point x ∈ M , there exists an open neighborhood U of x in M such that, algebraically,
Here Ω M (resp. Ω U ) is the sheaf of germs of exterior differential forms on M (resp. on U ). In this case, briefly we call ω a local generator of the Monge-Ampère system M (modulo the contact ideal θ, dθ ). Note that we can take ω effective, i.e., dθ ∧ ω ≡ 0 (mod θ). Also note that necessarily the (n + 1)-form dω belongs to the contact ideal locally (see [L] [B1] [B2] ). Now we define the key notion in this paper. A Lagrangian pair is a pair (E 1 , E 2 ) of Lagrangian subbundles of D with respect to the locally defined symplectic form dθ on M which satisfies the condition D = E 1 ⊕ E 2 . Then the standard example of Lagrangian pair is as follows.
The standard example: The standard example of Lagrangian pair is given on the standard Darboux model R 2n+1 with coordinates (x 1 , · · · , x n , z, p 1 , · · · , p n ) and with the standard contact structure D st = {v ∈ T M | θ st (v) = 0} defined by the standard contact form
Note that, in [Tak] , Takeuchi called a contact structure D endowed with a Lagrangian pair (E 1 , E 2 ) a Lagrangian contact structure (D; E 1 , E 2 ) and gave a detailed study on this geometric structure.
Moreover we consider an exterior differential system associated to a given Lagrangian pair or Lagrangian contact structure.
A Monge-Ampère system M is called a decomposable Monge-Ampère system with a Lagrangian pair (E 1 , E 2 ) if, around each point of M , there exists a local generator ω of M satisfying the following decomposing condition: i u ω = 0 (u ∈ E 1 ), and ω| E 2 is a volume form on E 2 .
Then M turns to be a decomposable Monge-Ampère system of Lagrangian type with the characteristic system E 1 in the sense of [M-M] .
A Monge-Ampère system M is called a bi-decomposable Monge-Ampère system with a Lagrangian pair (E 1 , E 2 ) if, around each point of M , there exists a local generator ω of M of the form
by n-forms ω 1 and ω 2 satisfying the following bi-decomposing condition:
We call such an n-form ω a bi-decomposable form and (ω 1 , ω 2 ) a bi-decomposition of ω. Given a Lagrangian pair (E 1 , E 2 ) on (M, D) and n-forms ω 1 , ω 2 satisfying the bi-decomposing condition for (E 1 , E 2 ), we define a Monge-Ampère system M with Lagrangian pair by setting
f is a Legendre immersion, and f * ω = 0. Any geometric solution to a decomposable (resp. bi-decomposable) Monge-Ampère system M with a Lagrangian pair D = E 1 ⊕ E 2 on a contact manifold (M 2n+1 , D) has a crucial property.
In fact, an immersion f : L → M is a geometric solution of a decomposable Monge-Ampère system with a Lagrangian pair
For a bi-decomposable Monge-Ampère system M with a Lagrangian pair D = E 1 ⊕ E 2 , suppose that f : L → M is a geometric solution of M. Then, for any p ∈ L, we see that
In fact, let W be an n-plane in 
Using the bi-decomposing condition again, we see that π 1 | W is an isomorphism if and only if the most left hand side is non-zero, and it is equivalent to the condition that π 2 | W is an isomorphism.
Now we are led to natural questions: Is the Lagrangian pair (E 1 , E 2 ) uniquely determined by a decomposable form ? Is the Lagrangian pair (E 1 , E 2 ) uniquely determined by a bi-decomposable form ? Is the Lagrangian pair (E 1 , E 2 ) recovered only from the Monge-Ampère system M ?
As is stated in Introduction, the first question is answered negatively. To answer the second and third questions, we recall the basic definitions.
given. Suppose n ≥ 3. Then, from the result in §3 mentioned above, we have that any isomorphism Φ of a Monge-Ampère system M with the Lagrangian pair (E 1 , E 2 ) and a Monge-Ampère system M ′ with the Lagrangian pair (E ′ 1 , E ′ 2 ) necessarily preserves the Lagrangian pairs up to ordering, namely, (
In the case n = 2, a Lagrangian pair is not uniquely determined from a Monge-Ampère system and the automorphism group may be of infinite dimensional. For instance, consider the equation Hess = −1 which is isomorphic to the linear wave equation f x 1 x 1 − f x 2 x 2 = 0 and to the equation f x 1 x 2 = 0. Then the last equation has infinite dimensional automorphisms induced by diffeomorphisms (x 1 , x 2 ) → (X 1 (x 1 ), X 2 (x 2 )).
Lagrangian pair and bi-decomposable form
Let (M, D) be a contact manifold of dimension 2n + 1 with a contact structure D ⊂ T M. We have defined in §2 the notion of bi-decomposing conditions and bi-decomposable forms on (M, D). Then, first we show
for a local contact form θ defining D, and (E 1 , E 2 ) a Lagrangian pair of D. Assume that ω is a bi-decomposable form for (E 1 , E 2 ) in the sense of Introduction, and ω = ω 1 − ω 2 is any bidecomposition of ω for (E 1 , E 2 ). Then locally there exists a coframe θ, α 1 , · · · , α n , β 1 , · · · , β n of T * M such that
and that the n-forms
satisfy the bi-decomposing condition for (E 1 , E 2 ) with
up to a multiple of θ.
Proof : Let X 1 , . . . , X n and P 1 , . . . , P n be local frames of E 1 and E 2 respectively. Let R be the Reeb vector field for a local contact form θ defining D. Recall that R is defined uniquely by i R θ = 1, i R dθ = 0. Consider the dual coframe θ, α 1 , · · · , α n , β 1 , · · · , β n of T * M to the frame R, X 1 , . . . , X n , P 1 , . . . , P n of T M . Then we see, from the bi-decomposing condition, that there exist an (n − 1)-form γ and a non-vanishing function µ on M such that
Next we show that M has the unique local bi-decomposable generator ω modulo θ.
Theorem 3.2 Let (E 1 , E 2 ) be a Lagrangian pair and ω, ω ′ be two bi-decomposable n-forms for the Lagrangian pair (E 1 , E 2 ) on (M, D). Assume that they generate the same Monge-Ampère system
Then there exist locally a non-vanishing function µ and an (n − 1)-form η on M such that
To show Theorem 3.2, we study, for each x ∈ M , the symplectic exterior linear algebra on the symplectic vector space V = D x with the symplectic form Θ = dθ| Dx and with the decomposition
Let (V, Θ) be a 2n-dimensional symplectic vector space. We say that an n-form ω ∈ ∧ n V * is bi-decomposable if there exist a decomposition
In this case (ω 1 , ω 2 ) is called a bi-decomposition of ω. Then, similarly as the proof of Lemma 3.1, we have that there exists a basis {a 1 , · · · , a n ,
Moreover we see that there exist a symplectic basis {a 1 , · · · , a n , b 1 , · · · , b n } of (V, Θ) and a non-zero constants a, b such that
, and set c = ab, then we have the following: Lemma 3.3 Let ω ∈ ∧ n V * be a bi-decomposable n-form on a 2n-dimensional symplectic vector space (V, Θ), and ω = ω 1 − ω 2 a bi-decomposition of ω. Then there exist a symplectic basis {a 1 , · · · , a n , b 1 , · · · , b n } of (V, Θ) and a non-zero constant c such that
A form ϕ ∈ ∧ n V * on a symplectic vector space (V, Θ) is called effective if the interior product i X Θ ϕ = 0 for the 2-vector i X Θ corresponding to the 2-form Θ. Note that
in terms of the basis in Lemma 3.3. That ϕ ∈ ∧ n V * is effective if and only if the wedge ϕ ∧ Θ with the symplectic form Θ is equal to zero ( [B2] ). Then we have, by Lemma 3.3:
Corollary 3.4 If ω ∈ ∧ n V * is bi-decomposable and ω = ω 1 − ω 2 is any bi-decomposition, then ω, ω 1 and ω 2 are all effective.
We will apply the following basic result to our situation.
Then we have the following: Lemma 3.6 Let ω, ω ′ be bi-decomposable forms on (V, Θ). Suppose that ω ′ is of the form λω + φ ∧ Θ for a scalar λ and an (n − 2)-form φ. Then ω ′ = µω for a scalar µ.
Proof : By Corollary 3.4, the n-form ω is effective and so is the n-form ω ′ . For every Lagrangian subspace L (Θ| L = 0) on which ω| L = 0, the form ω ′ also vanishes. Therefore, by Lemma 3.5, it follows that ω ′ = µω for a scalar µ. ✷ Proof of Theorem 3.2:
x is a volume form, we see that µ(x) is unique and of class C ∞ . Moreover there exists a C ∞ (n − 1)-form η such that ω ′ − µω = θ ∧ η, which implies the required consequence. ✷ Moreover we show the following basic result:
Theorem 3.7 Assume that n ≥ 3. Let M = θ, dθ, ω be a Monge-Ampère system with a Lagrangian pair locally generated by a bi-decomposable n-form ω. Then M canonically determines the Lagrangian pair
Theorem 3.7 follows immediately from the following:
The bi-decomposition of ω (Proposition 3.8) is given by using the symplectic structure, based on Hitchin's result ( [H] Proposition 2.1, 2.2), in the case that n is odd and n ≥ 3, as follows:
n be the associated basis vector for Λ 2n V * , which is the intrinsically defined volume form by the symplectic structure on V . From the isomorphism
, we see
Since K * ω ω and λ(ω) are intrinsically determined from the symplectic structure on V , so is the decomposition of ω.
To verify Proposition 3.8 in general case, we observe a fact from projective geometry of Plücker embeddings. Consider Grassmannian Gr(n, V * ) consisting of all n-dimensional subspaces in the 2n-dimensional vector space V * , and its Plücker embedding Gr(n, V * ) ֒→ P (∧ n V * ).
(1) The projective line in P (∧ n V * ) through the two points Λ 1 , Λ 2 does not intersect with Gr(n, V * ) at other points.
(2) Assume n ≥ 3. Let Λ 3 be another point in Gr(n, V * ) different from Λ 1 , Λ 2 . Then the projective plane in P (∧ n V * ) through the three points Λ 1 , Λ 2 , Λ 3 does not intersect with Gr(n, V * ) at other points.
Proof : Choose a basis e 1 , . . . , e n of Λ 1 and e n+1 , . . . , e 2n of Λ 2 to form a basis of V * . Let (p i 1 ,i 2 ,...,in ) denote Plücker coordinates of the Plücker embedding. Here i 1 , i 2 , . . . , i n are ntuple chosen from {1, 2, . . . , 2n}. For any sequences 1 ≤ j 1 < j 2 < · · · < j n−1 ≤ 2n of (n − 1)-letters and 1 ≤ k 1 < k 2 < · · · < k n+1 ≤ 2n of (n + 1)-letters, we have the Plücker relation
. To see (1), take a point W ∈ Gr(n, V * ) on the projective line through Λ 1 , Λ 2 . Since Plücker coordinates of Λ 1 (resp. Λ 2 ) is given by p 1,...,n = 1 (resp. p n+1,...,2n = 1) with zero other coordinates, we have that Plücker coordinates of W are given by p 1,...,n = λ, p n+1,...,2n = µ for some λ, µ, other coordinates p i 1 ,...,in being null. Then, by applying the Plücker relation for (j 1 , . . . , j n−1 ) = (1, 2, . . . , n − 1) and (k 1 , k 2 , . . . , k n+1 ) = (n − 1, n, . . . , 2n), we have λµ = 0. Therefore λ = 0 or µ = 0, namely, W = Λ 1 or W = Λ 2 . To see (2), letp = (p i 1 ,i 2 ,...,in ) be coordinates of Λ 3 . Then the coordinates p = (p i 1 ,i 2 ,...,in ) for a point W on the plane through Λ 1 , Λ 2 , Λ 3 are given by
Then we see that both p andp satisfy the Plücker relations and that λµ = 0. Let {i 1 , . . . , i n } = {1, . . . , n}, {n + 1, . . . , 2n}. Then, because n ≥ 3, there exist ℓ, ℓ ′ , ℓ = ℓ ′ , such that i ℓ ∈ {n + 1, . . . , 2n} and i ℓ ′ ∈ {n + 1, . . . , 2n} or that i ℓ ∈ {1, . . . , n} and i ℓ ′ ∈ {1, . . . , n}. In the former case, we take (i 1 , . . . ,ȋ k , . . . , i n ), (i k , n+1, . . . , 2n), and write the Plücker relation to get µ ·p i 1 ,...,in = 0. In the latter case, we take (i 1 , . . . ,ȋ k , . . . , i n ), (1, . . . , n, i k ) to get λ·p i 1 ,...,in = 0. Therefore we obtain thatp i 1 ,...,in = 0 for {i 1 , . . . , i n } = {1, . . . , n}, {n+1, . . . , 2n}. This means that Λ 3 lies on the projective line through Λ 1 , Λ 2 , which contradicts (1). ✷ Proof of Proposition 3.8:
Then we have that Λ ′ 1 lies on the line through Λ 1 , Λ 2 . By Lemma 3.9 (1), we conclude that
By the symmetric argument, we obtain also that
Remark 3.10 If n = 2, that is, M is of dimension 5, then Theorem 3.7 does not hold. In fact, consider M = R 5 with coordinates (x, y, z, p, q) and with the contact form θ = dz − pdx − qdy. Take a 2-form ω = dx ∧ dy − dp ∧ dq.
Then decomposable 2-forms ω 1 = dx ∧ dy, ω 2 = dp ∧ dq satisfy ω = ω 1 − ω 2 and the bidecomposing condition for the Lagrangian pair given by
Then we can find other decomposable 2-forms
and the bi-decomposing condition for another Lagrangian pair given by
Lemma 3.9 (2) does not hold in the case n = 2, because Gr(2, R 4 ) ֒→ P (∧ 2 (R 4 )) = P 5 is a hypersurface and a projective plane intersects with Gr(2, R 4 ) in infinite points (a planer curve).
From the above-mentioned propositions, it follows that, in the case n ≥ 3, the notion of a bi-decomposable Monge-Ampère system with a Lagrangian pair (E 1 , E 2 ) is nothing but the notion of a Monge-Ampère system generated by a bi-decomposable form ω = ω 1 − ω 2 .
Lagrangian contact structures
Let us recall Takeuchi's paper [Tak] for Lagrangian contact structures. A contact structure with a Lagrangian pair is called a Lagrangian contact structures in [Tak] . A typical example of Lagrangian contact structures is the projective cotangent vector bundle M = P (T * W ) of an (n + 1)-dimensional manifold W with an affine structure (a torsion-free linear connection) or a projective structure (a projective equivalence class of torsion-free linear connections). For the canonical contact structure D on M , we take as a Lagrangian pair horizontal and vertical vector bundles (cf. Example 6.2). In [Tak] , it is given the description of Cartan connections on P (T * W ) associated to Lagrangian contact structures and the equivalence of the vanishing of the curvature of Cartan connection and the projective flatness of W .
The flat model, which is a homogeneous space qualified as a model for a Cartan connection, with Lagrangian contact structure is the projective cotangent bundle P (T * P n+1 ) of the (n+1)-dimensional projective space P n+1 = P (R n+2 ).
Put G = P GL(n + 2, R) = GL(n + 2, R)/C, (C is the center, C = R × · I n+2 ), and g = Lie G ∼ = sl(n + 2, R). The Lie algebra g has a structure of a simple graded Lie algebra (GLA) of second kind as follows:
then m is a fundamental GLA of contact type, i.e., Heisenberg algebra. Put
Let G ′ be the Lie subgroup of G = P GL(n + 2, R) defined by
Then the Lie algebra of G ′ is given by g ′ . Note that dim g ′ = n 2 + 2n + 2. The group G transitively acts on the flag manifold
Then G ′ is the isotropy group of (V 1 , V n+1 ) = ( e 0 , e 0 , . . . , e n ) for the standard basis e 0 , e 1 , . . . , e n , e n+1 of R n+1 . Therefore we have
where o = G ′ is the origin, defines the contact structure D on G/G ′ which corresponds to the canonical contact structure on P (T * P n+1 ) via the above diffeomorphism (cf. [I-M]). Next, we consider
Then we have
Denote by E ij ∈ gl(n + 2, R) the matrix unit of (i, j) component. Then we put
It follows that
Therefore we have that A is a symplectic form, g −1 becomes a symplectic vector space with respect to A, e 1 , . . . , e n , f 1 , . . . , f n form a symplectic basis of (g −1 , A), and that e 1 , e 2 are Lagrangian subspaces of (g −1 , A). Moreover, put
Then we easily verify that
Thus a 1 and a 2 induce invariant differential systems E 1 and E 2 on G/G ′ respectively. The pair (E 1 , E 2 ) forms a Lagrangian pair of (G/G ′ , D) and thus that of the standard contact structure D on P (T * P n+1 ). Moreover both E 1 and E 2 are completely integrable. It follows that P (T * P n+1 )/E 2 ∼ = P n+1 , P (T * P n+1 )/E 1 ∼ = P n+1 * , where E 1 , E 2 are the foliations induced by E 1 , E 2 respectively.
For the linear isotropy representation ρ : G ′ −→ GL(m) at the origin o = G ′ in G/G ′ , we have, with respect to the basis {γ, e 1 , . . . , e n , f 1 , . . . , f n } in m,
Then theG-structures of type m are in bijective correspondence with the Lagrangian contact structures ( [Tak] Theorem 5.1). Note thatG-structure is of infinite type ( [K] Ch.I). However g is the prolongation of (m, g 0 ) in the sense of Tanaka ([Tan2] 
in the notation of [Tan] . Thus, by the finiteness theorem of Tanaka ([Tan] Cor. 2), we have:
Proposition 4.1 Let (M, D) be a contact manifold of dimension 2n + 1 with a Lagrangian pair (E 1 , E 2 ). Then the automorphism group of all compatible diffeomorphisms on M as a Lagrangian contact structure is of finite type, that is to say, it is a finite dimensional Lie group. The maximum dimension of the automorphism groups, fixing n, is given by dim sl(n + 2, R) = (n + 2) 2 − 1 which the flat model attains.
Moreover, using the result of [M-M], we have
Proposition 4.2 The equivalence class of a decomposable Monge-Ampère system with a Lagrangian pair (E 1 , E 2 ) on a contact manifold (M, D) is uniquely determined by the Lagrangian contact structure (D, E 1 , E 2 ). Therefore the maximum dimension of the automorphism groups of decomposable Monge-Ampère systems on (M 2n+1 , D) is equal to (n + 2) 2 − 1. The maximum is attained by the decomposable Monge-Ampère system Hess = 0 on the flat model on M = P T * (P n+1 ).
Remark 4.3 If the characteristic system E 1 is integrable, then the decomposable MongeAmpère system is isomorphic to the system corresponding to the equation Hess = 0 (see
Remark 4.4 The equation Hess = 0 has the infinite dimensional automorphism group which consists of the lifts of diffeomorphisms on the dual projective space. However, if a Lagrangian pair is associated, then the automorphism group turns to be of finite dimensional, as stated in Proposition 4.2.
Automorphisms of Monge-Ampère systems with Lagrangian pairs
Let us consider the automorphism group Aut(M) of all isomorphisms of a bi-decomposable Monge-Ampère system M = θ, dθ, ω with a Lagrangian pair (E 1 , E 2 ) on a contact manifold (M, D) of dimension 2n + 1. By Theorems 3.2 and Theorem 3.7, in the case n ≥ 3, any automorphism of any bidecomposable Monge-Ampère system with a Lagrangian pair (E 1 , E 2 ) preserves the Lagrangian pair (E 1 , E 2 ) up to the interchange of E 1 , E 2 . Therefore infinitesimal symmetries of bi-decomposable Monge-Ampère systems are studied based on infinitesimal symmetries of Lagrangian contact structures.
Now let
Proposition 5.1 The bi-decomposable Monge-Ampère systems with Lagrangian pairs are in bijective correspondence with G-structures of type m.
Proof : We consider, as in §4, the fundamental GLA of contact type m = g −2 ⊕ g −1 and the decomposition g −1 = e 1 ⊕ e 2 into the Lagrangian pair. Moreover we fix a volume form Ω 1 ∈ ∧ n (e 1 * ) on e 1 and a volume form Ω 2 ∈ ∧ n (e 2 * ) on e 2 . Consider the group C(m; e 1 , Ω 1 ; e 2 , Ω 2 ) consisting of all a ∈ GL(m) which satisfies the following conditions: ag −1 = g −1 , the graded linear automorphism a of m induced by a is a GLA-automorphism, ae 1 = e 1 , ae 2 = e 2 , and a * Ω 1 = λΩ 1 , a * Ω 2 = λΩ 2 for some λ ∈ R × . Then we have that C(m; e 1 , Ω 1 ; e 2 , Ω 2 ) is identical with G. ✷ Thus the equivalence problem of bi-decomposable Monge-Ampère systems with Lagrangian pairs is studied as a G-structure on a contact manifold of dimension 2n + 1.
Let G 0 be a subgroup of GL(n + 2, R) defined by
We set
Then we have the model space G 0 /H 0 ∼ = R 2n+1 with coordinates (x, z, p). The G 0 -action on R 2n+1 is described by
and the form ω = cdx 1 ∧ · · · ∧ dx n − dp 1 ∧ · · · ∧ dp n is transformed to ω ′ = k n ω. Let E i,j , 0 ≤ i, j ≤ n + 1, denotes the elementary (n + 2) × (n + 2)-matrix such that the (i, j) component is 1 and other components are all zero. We set
and identify the set of traceless matrices sl(n, R) with
Then we set g 0 = ε R ⊕ sl(n, R), g 1 −1 = e 1 , . . . , e n R , g 2
is the Lie algebra of G 0 . We write m = g −2 ⊕ g −1 . Then the Lie subalgebra m becomes the split Heisenberg algebra. The matrix representation of A 0 ∈ g 0 = ε R ⊕sl(n, R) with respect to the basis {γ, e i (1 ≤ i ≤ n), f j (1 ≤ i ≤ n)} in the Heisenberg algebra V = m = g −2 ⊕ g −1 has the following form:
In fact, for the commutators, we have by the direct calculations:
where a i is the i-th column of A and a j is the j-th row of A, 1 ≤ i, j ≤ n, and A ∈ sl(n, R). Moreover we have
We will study the prolongation of (m, g 0 ). We define the prolongation inductively
See [Y] , p.429. Then we have Lemma 5.2 The prolongation g i vanishes for any i ≥ 1.
Proof : . First we calculate g 1 . For any (α, β) ∈ Hom(g −1 , g 0 ) ⊕ Hom(g −2 , g −1 ), the conditions (i) and (ii) implies that
By the condition (i), we have
By the condition (ii-1), we have c i = 2h i , 1 ≤ i ≤ n. By the condition (ii-2), we have b j = −2k j , 1 ≤ j ≤ n. Therefore we have
In particular, for any j, ℓ with 1 ≤ j, ℓ ≤ n, we have B 
Thus we have β = 0 and α = 0. Therefore we have g 1 = 0. Second we calculate g 2 . Take any (α, β) ∈ g 2 ⊂ Hom(g −1 , g 1 ) ⊕ Hom(g −2 , g 0 ). Since g 1 = 0, α = 0. Then we see β(γ) = 0. Therefore β = 0. Thus we obtain that g 2 = 0.
From g 1 = 0, g 2 = 0, we have g i = 0, i ≥ 3, automatically. ✷
Then we have
Theorem 5.3 Let (M, D) be a contact manifold of dimension 2n+1 and M a bi-decomposable Monge-Ampère system with a Lagrangian pair on (M, D). Assume that n ≥ 3. Then the automorphism group Aut(M) of M has at most the dimension of (n + 1) 2 . The estimate is best possible.
Proof : By Lemma 5.2, we have known that the prolongations g i , 1 ≤ i in the sense of Tanaka vanish. On the other hand G is equal to (H 0 ) # in the notation of [Tan] . Then, by the finiteness theorem of Tanaka ([Tan] , Cor. 2), we see that the dimension of the group of automorphisms on M is estimated by dim(g 0 ) = i≤0 dim(g i ) = (n + 1) 2 . Moreover there exists an Monge-Ampère system M with a Lagrangian pair on M = R 2n+1 , which arises in equi-affine geometry, such that the automorphism group Aut(M) attains the maximal dimension (n + 1) 2 . See §8.1. ✷
Hesse representations
Let (E 1 , E 2 ) be a Lagrangian pair on a contact manifold (M, D). We call (E 1 , E 2 ) bi-Legendreintegrable or simply integrable if both E 1 and E 2 are completely integrable as subbundles in T M . Then (E 1 , E 2 ) defines a pair of Legendre foliations (E 1 , E 2 ) on M locally. The standard Lagrangian pair (E st 1 , E st 2 ) introduced in §2 is integrable. In fact the foliation E st 1 is defined by fibers of the projection (x, z, p) → (p, n i=1 x i p i − z) and the foliation E st 2 is defined by (x, z, p) → (x, z).
If a Lagrangian pair (E 1 , E 2 ) on (M, D) is locally contactomorphic to the standard Lagrangian pair (E st 1 , E st 2 ) on (R 2n+1 , D st ), then we call (E 1 , E 2 ) flat. Let (E 1 , E 2 ) be a Lagrangian pair on a contact manifold (M, D) of dimension 2n + 1. Assume that (E 1 , E 2 ) is bi-Legendre-integrable. Then, locally, there exist Legendre fibrations π 1 : M → W 1 and π 2 : M → W 2 having E 2 and E 1 as the kernels of the differentials (π 1 ) * : T M → T W 1 and (π 2 ) * : T M → T W 2 for some manifolds W 1 and W 2 of dimension n + 1 respectively. Then we have the following diagram:
We call (π 1 , π 2 ) a double Legendre fibration. In this case we say that W 1 and W 2 are in the dual relation via the Legendre transformation on M.
Thus M has a pseudo-product structure doubly foliated by Legendre submanifolds ([Tan2] [Tab] ).
Example 6.1 The projective cotangent bundle M = P (T * W ) over a manifold W of dimension n + 1 with the canonical projection π 1 : M → W has the canonical contact structure
We see that moreover D has the integrable Lagrangian subbundle E 2 = Ker(π 1 * ). Assume that W is the projective space P n+1 . Then the contact manifold M = P (T * P n+1 ) is naturally identified with the contact manifold P (T * P n+1 * ), the projective cotangent bundle over the dual projective space P n+1 * with the canonical projection π 2 : P (T * P n+1 * ) → P n+1 * ([I-Mo]). Then D ⊂ T M has the another Lagrangian subbundle E 1 = Ker((π 2 ) * ) and (E 1 , E 2 ) turns to be an integrable Lagrangian pair of (M, D). There is associated to (E 1 , E 2 ) the double Legendre fibration P (T * P n+1 ) π 1 ւ ցπ 2 P n+1 P n+1 * . for W 1 = P n+1 , W 2 = P n+1 * . This globally defined Lagrangian pair (E 1 , E 2 ) is flat. In fact, P (T * P n+1 ) is identified with the incidence hypersurface I ⊂ P n+1 × P n+1 * defined by
x ′ i dp ′ i = 0. This shows (E 1 , E 2 )| U is flat. Also on other affine open subsets, we can verify the flatness of (E 1 , E 2 ) similarly or by an argument using homogeneity.
Example 6.2 For a Riemannian manifold W = (W, g) of dimension n + 1, the unit tangent bundle M = T 1 W of W has the canonical contact structure D ⊂ T M ,
and the canonical Lagrangian pair (E 1 , E 2 ) induced by the horizontal lift and the vertical lift of the Levi-Civita connection:
Here π : M −→ W is the canonical projection and v ⊥ = {w ∈ T x W | g(v, w) = 0}. Then (E 1 , E 2 ) is bi-Legendre-integrable if and only if W is a space form. In fact, the vertical lift E 2 is always completely integrable. Moreover the horizontal lift E 1 is completely integrable if and only if W is projectively flat, that is, a space form.
The bi-decomposable class of Monge-Ampère systems with flat Lagrangian pairs turns out to be an intrinsic representation of the well-known class of Monge-Ampère equations locally expressed by Hesse representations:
Thus we call a Monge-Ampère system with a flat Lagrangian pair a Hesse Monge-Ampère system.
Note that there are classes of Hesse Monge-Ampère systems, Euler-Lagrange MongeAmpère systems:
see [B-G-G]) and flat Monge-Ampère systems:
Hess(z) = c ( = 0 : constant).
We will show, in §8, that Monge-Ampère systems defined by the Gaussian curvature constant equation K = c in E n+1 , S n+1 , H n+1 are Euler-Lagrange systems.
Thus we have a sequence of classes of Monge-Ampère systems:
{M-A system with Lagrangian pair} ⊃ {M-A system with integrable Lag. pair}
We will study Hesse Monge-Ampère systems in detail, and, in fact, we characterize the above three classes in intrinsic way. Note that the equation of non-zero constant GaussKronecker curvature K = c falls into the class of Euler-Lagrange Monge-Ampère systems and the equation of improper affine hyperspheres Hess = c falls into the class of flat Monge-Ampère systems.
Proposition 6.3 Let M be a Hesse Monge-Ampère system, i.e. a Monge-Ampère system with a flat Lagrangian pair (E 1 , E 2 ) generated by an n-form ω = ω 1 − ω 2 enjoying the bidecomposing condition. Then there exist local Darboux coordinates (x 1 , · · · , x n , z, p 1 , · · · , p n ) in some neighborhood of each point, such that the Monge-Ampère system M is represented by the equation of the form Hess(z) = F (x 1 , . . . , x n , z, p 1 , . . . , p n ) (F = 0).
Proof : Since (E 1 , E 2 ) is flat, around each point of M , there exists a system of local coordinates π 1 (x 1 , . . . , x n , z, p 1 , . . . , p n ) = (x 1 , . . . , x n , z),
Then, from the bi-decomposing condition, we have, setting x = (x 1 , . . . , x n ), p = (p 1 , . . . , p n ),
z, p)dp 1 ∧ · · · ∧ dp n for some functions f (x, z, p), g(x, z, p) ( = 0) on R 2n+1 . Therefore, putting F = f /g, we have a form Hess(z) = F (x, z, p). ✷ Proposition 6.4 Let M be a Hesse Monge-Ampère system. Then M is generated by a bidecomposable n-form ω = ω 1 − ω 2 satisfying
and only if M is locally represented as
Proof : By the assumption, we can set
z, p)dp 1 ∧ · · · ∧ dp n .
we see dω 1 ≡ 0 mod θ if and only if f is independent of p 1 , . . . , p n : f = f (x 1 , . . . , x n , z). Besides, we take another system of local coordinates (x,z,
x i dp i ) and we have dω 2 = dg ∧ dp 1 ∧ · · · ∧ dp n = (
∂g ∂p i dp i ) ∧ dp 1 ∧ · · · ∧ dp n ≡ n i=1 ∂g ∂x i dx i ∧ dp 1 ∧ · · · ∧ dp n , mod θ.
Therefore we see dω 2 ≡ 0 mod θ if and only if g is independent of x for the system of local coordinates (x,z, p): g = g(p 1 , . . . , p n , n j=1 p j x j − z). Therefore putting
It is known that the form Hess(z) = F 1 (x, z) · F 2 (p, n j=1 p j x j − z) for Monge-Ampère equations characterizes Euler-Lagrange systems in the class of Hesse Monge Ampère systems Hess(z) = F (x, z, p), F = 0 (see [B-G-G] ). Then we call M an Euler-Lagrange Monge-Ampère system with Lagrangian pair.
Theorem 6.5 The class of Hesse Monge-Ampère equations Hess(z) = F (x, z, p), F = 0 (resp. Euler-Lagrange Monge-Ampère equations Hess(z) = F 1 (x, z)F 2 (p,z), F 1 = 0, F 2 = 0,z = x · p − z) of n-independent variables is invariant under contact transformations, if n ≥ 3.
Proof : A Hesse Monge-Ampère equation Hess(z) = F (x, z, p) lifts to a Monge-Ampère system M on the standard model R 2n+1 with coordinates (x, z, p) and with double Legendre fibrations
If M is of type Euler-Lagrange, then ω 1 (resp. ω 2 ) is a pull-back by π 1 (resp. π 2 ) of an n-form on W 1 (resp. W 2 ).
Suppose M is transformed to another exterior differential system M ′ by a contactomorphism Φ on R 2n+1 . Then M ′ is also a Monge-Ampère system with the standard Lagrangian pair (E st 1 , E st 2 ) by Theorem 3.7. Then Φ * (E st 1 ) = E st 1 or Φ * (E st 1 ) = E st 2 . Moreover Φ * ω satisfies the bi-decomposing condition for (E st 1 , E st 2 ), and Φ * ω ≡ f ′ dx 1 ∧ · · · ∧ dx n − g ′ dp 1 ∧ · · · ∧ dp n , mod θ, for some
If M is of type Euler-Lagrange, then Φ * ω is bi-decomposed by pull-back n-forms by π 1 and π 2 . Then, modulo θ, we see M ′ is generated by an n-form of the form f ′ (x, z)dx 1 ∧ · · · ∧ dx n − g ′ (p,z)dp 1 ∧ · · · ∧ dp n . ✷ Remark 6.6 The Euler-Lagrange systems are studied in [B-G-G] via the key notion "Poincaré-Cartan form". If an Euler-Lagrange Monge-Ampère system with Lagrangian pair is given by
x i dp i ), ω = f (x, z)dx 1 ∧ · · · ∧ dx n − g(p,z)dp 1 ∧ · · · ∧ dp n , then the Poincaré-Cartan form is given by
z)dz ∧ dp 1 ∧ · · · ∧ dp n .
To conclude this section, we characterize, among others, the class of equations Hess = c in term of the projective structure:
Proposition 6.7 Let M be an Euler-Lagrange Monge-Ampère system on M = P (T * P n+1 ) induced by the diagram P (T * P n+1 ) π 1 ւ ցπ 2 P n+1 P n+1 * and W 1 = P n+1 , W 2 = P n+1 * , generated by a bi-decomposable n-form ω = ω 1 − ω 2 . Then the condition ∇ω 1 = 0, ∇ω 2 = 0 is satisfied for the standard flat linear connection ∇ on W 1 = P n+1 if and only if M is represented by a Monge-Ampère equation
Hess(z) = c (c = 0: constant).
Proof : From the equivalence between the conditions ∇ω 1 = 0 and df = 0 (resp. ∇ω 2 = 0 and dg = 0) in the proof of Proposition 6.4, we have that f, g are non-zero constants. Therefore we have the form Hess(z) = c ( = 0). ✷ 7 A method to construct Monge-Ampère systems with Lagrangian pairs
Let (M, D) be a contact manifold of dimension 2n + 1 and (E 1 , E 2 ) a Lagrangian pair on (M, D). Consider the quotient bundle T M/E 2 (resp. T M/E 1 ) of rank n + 1 and a section ω ′ 1 (resp. ω ′ 2 ) to the line bundle ∧ n+1 (T M/E 2 ) * (resp. ∧ n+1 (T M/E 1 ) * ) off the zero-section. Let θ be a local contact form defining D. Recall that the Reeb vector field R = R θ is defined by the condition i R θ θ = 1, i R θ dθ = 0. Then we define an n-form on M by
Here Π 1 : T M → T M/E 2 (resp. Π 2 : T M → T M/E 1 ) denotes the bundle projection, and
Then we have the following basic lemma for our construction:
Lemma 7.1 The differential system M = θ, dθ, ω , generated by ω and the contact form θ, is independent of the choice of θ, and depends only on given ω ′ 1 , ω ′ 2 .
We call M the Monge-Ampère system with (
To show Lemma 7.1, take a local symplectic frame X 1 , . . . , X n , P 1 , . . . , P n of D with respect to dθ:
with E 1 = X 1 , . . . , X n , E 2 = P 1 , . . . , P n .
Then X 1 , . . . , X n , P 1 , . . . , P n , R θ form a local frame of T M .
Lemma 7.2 The Reeb vector field R θ ′ for a contact form θ ′ = ρθ defining D is given by
Proof : Let α 1 , . . . , α n , β 1 , . . . , β n , θ be the frame of T * M dual to X 1 , . . . , X n , P 1 , . . . , P n , R θ .
Thus we have
Similarly we have
Therefore M = θ, dθ, ω is independent of the choice of θ. ✷ Suppose that (E 1 , E 2 ) is integrable. Let
be a double Legendre fibration induced by a Lagrangian pair (E 1 , E 2 ) locally. Suppose that a volume (n + 1)-form Ω 1 is given on W 1 (resp. a volume (n + 1)-form Ω 2 on W 2 ). Since
. Then, following the general setting, we set
2 Ω 2 need not to be basic.
z, p)dz ∧ dp 1 ∧ · · · ∧ dp n be a non-zero section of ∧ n+1 (T R 2n+1 /E 1 ) * pulled-back to an (n + 1)-form on R 2n+1 . Then i R (π * 2 ω ′ 2 ) = g(x, z, p)dp 1 ∧ · · · ∧ dp n . Thus, following the general setting, we have ω = f (x, z, p)dx 1 ∧ · · · ∧ dx n − g(x, z, p)dp 1 ∧ · · · ∧ dp n , and we obtain Hesse Monge-Ampère systems.
Further, let Ω 1 = f (x, z)dz ∧ dx 1 ∧ · · · ∧ dx n (resp. Ω 2 = −g(p,z)dz ∧ dp 1 ∧ · · · ∧ dp n ) be a volume form on
2 Ω 2 = g(p,z)dp 1 ∧ · · · ∧ dp n ). Thus we have ω = f (x, z)dx 1 ∧ · · · ∧ dx n − g(p,z)dp 1 ∧ · · · ∧ dp n ,
and we obtain Euler-Lagrange Monge-Ampère systems.
8 Homogeneous Monge-Ampère systems with Lagrangian pairs 8.1. Monge-Ampère system on R 2n+1 as Hess = c on R n+1 .
The Monge-Ampère system with Lagrangian pair for the equation Hess(f ) = c in equiaffine geometry is given as follows.
Consider the contact manifold M = R 2n+1 with coordinates (x, z, p) = (x 1 , . . . , x n , z, p 1 , . . . , p n ) and with the contact form θ = dz − n i=1 p i dx i . We set two Lagrangian sub-bundles E 1 , E 2 of the contact distribution D = {θ = 0} by
which form a Lagrangian pair of (M, D). The Reeb vector field R is given by ∂ ∂z . Note that
x i dp i . Then we have the double Legendre fibration induced by (E 1 , E 2 ):
where
Moreover take the (n + 1)-forms
Ω 2 = −dz ∧ dp 1 ∧ · · · ∧ dp n on W 1 = R n+1 (c( = 0) ∈ R) and on W 2 = R n+1 respectively. Then ω = i R (π * 1 Ω 1 − π * 2 Ω 2 ) is given by ω = cdx 1 ∧ · · · ∧ dx n − dp 1 ∧ · · · ∧ dp n .
Thus we construct the Monge-Ampère system M = θ, dθ, ω with the Lagrangian pair (E 1 , E 2 ) globally on M = R 2n+1 .
Proposition 8.1 Under the situation above, we have a Monge-Ampère system M generated by (θ, dθ, ω) with a Lagrangian pair (E 1 , E 2 ) on M = R 2n+1 . The projection to W 1 = R n+1 of a geometric solution of M satisfies the equation Hess(f ) = c, when it is represented as a graph z = f (x 1 , · · · , x n ) outside of its singular locus. While the projection to W 2 = R n+1 of a geometric solution of M satisfies the equation Hess(f ) = 1 c , when it is represented as a graph
The Monge-Ampère system for Hess = c is isomorphic to the system for Hess = 1 if c > 0, and is isomorphic to the system for Hess = −1 if c < 0.
Remark 8.3
The Monge-Ampère system for Hess = c, c = 0 has the natural symmetry by the group G ′ of equi-affine transformations on W 1 = R n+1 preserving the vector field ∂ ∂z .
The group G ′ is given by the semi-direct product G ′ = G ′′ ⋉ R n+1 of G ′′ ⊂ SL(n + 1, R) and R n+1 , where
Note that dim G ′ = n(n + 2) and also that each element of G ′ is identified with 
via an appropriate embedding SL(n + 1, R) ֒→ GL(n + 2, R). The Monge-Ampère system for Hess = c, c = 0, in fact, has bigger symmetry which attains the maximum for the dimension estimate of automorphisms given in §5 for bi-decomposable Monge-Ampère systems. Let G be a subgroup of the projective transformation group PGL(n + 2, R) on R n+2 consisting of transformations represented by the matrices
considered up to non-zero scalar multiples. Here ℓ, k ∈ R × , A ∈ GL(n, R), a, b ∈ R n , c ∈ R satisfying the condition (det A) 2 = (kℓ) n . From the condition, we can take det A = ±1, ℓ = ±1/k in PGL(n + 2, R). If n is odd, then we can take det A = 1 and ℓ = 1/k. Note that dim G = (n + 1) 2 .
The group G acts on M = R 2n+1 = R n × R × R n transitively by
Here a, b, x are regarded as column n-vectors and p a row n-vector. The contact form θ = dz − pdx is transformed to k ℓ θ, therefore the contact structure D = {θ = 0} is G-invariant. The bi-decomposable form ω is transformed to
−1 (dp 1 ∧ · · · ∧ dp n ) = 1 ℓ n (det A) ω, by the condition (det A) 2 = (kℓ) n . Therefore G leaves the Monge-Ampère system M = θ, dθ, ω for Hess = c, c = 0. The group G acts on W 1 = R n+1 and on W 2 = R n+1 respectively by
and by
Then the volume form Ω 1 on W 1 (resp. Ω 2 on W 2 ) is transformed to
In the famous paper of Gauss [S] , the "Gaussian curvature" of a space surface is introduced as the ratio of areas in the "Gauss map" of the surface. We observe that the equation of constant Gaussian curvature is regarded as a Monge-Ampère system with Lagrangian pair as follows.
Consider the unit tangent bundle T 1 E n+1 = E n+1 × S n of the Euclidean space E n+1 . The standard contact structure on E n+1 × S n is given by the one-form
is the system of coordinates on E n+1 × E n+1 . We set the contact distribution D = {θ = 0} ⊂ T (E n+1 × S n ) and two Lagrangian subbundles of D :
which form an integrable Lagrangian pair of (M, D). Then we have the double Legendre fibration induced by (E 1 , E 2 ):
Here
Lemma 8.4 The above Lagrangian pair is flat, namely, the bi-Legendre fibration is contactomorphic to the standard one (see the standard example in Introduction).
Proof : On the open sets U = {(x, y) ∈ E n+1 × S n | y n+1 = 0} of E n+1 × S n and V = {(w, y) ∈ R × S n | y n+1 = 0} of R × S n . Take the system of coordinates
, z ′ = x n+1 , 1 ≤ i ≤ n, on U , and define the diffeomorphism Φ : U → R 2n+1 by Φ(x, y) = (x ′ , z, p ′ ). Moreover take the system of coordinatesz ′ = w y n+1
,
, 1 ≤ i ≤ n, on V and define the diffeomorphism ψ : V → R n+1 by ψ(w, y) = (z ′ , p ′ ). We denote by ϕ : E n+1 → R n+1 the identity map, forgetting the Euclidean metric. Then (Φ, ϕ, ψ) induces the contactomorphism from (U,
Similarly on each open set {y i = 0}, 1 ≤ i ≤ n + 1, we see flatness of (E 1 , E 2 ). ✷
We endow E n+1 with the standard volume form
multiplied with a real constant c( = 0). Moreover we endow (z; y 1 , y 2 , · · · , y n+1 ) ∈ R × S n (⊂ R × E n+1 ) with the standard volume form on R × S n
, the "tautological" vector field. Then we set
we have
This is exactly the reincarnation of the equation K = c from the original definition due to Gauss. Proposition 8.5 Under the situation above, we have a Monge-Ampère system M generated by (θ, dθ, ω) with a Lagrangian pair (E 1 , E 2 ) on M = T 1 E n+1 = E n+1 × S n . The Gaussian curvature of the projection to W 1 = E n+1 of a geometric solution of M is equal to constant c outside of singular locus.
Remark 8.6 The Monge-Ampère system for K = c is isomorphic to the system for K = 1 if c > 0, and is isomorphic to the system for K = −1 if c < 0.
Remark 8.7 Let G be the Euclidean group on E n+1 . The group G acts on the orthonormal frame bundle transitively, therefore so on the unit tangent sphere bundle (the orthonormal 1-Stiefel bundle) E n+1 × S n of E n+1 . We fix the origin 0 in E n+1 and identify E n+1 with R n+1 , giving the isomorphism G ∼ = O(n + 1) ⋉ R n+1 . The contact structure D = {θ = 0} and the contact form θ = n+1 i=1 y i dx i on E n+1 × S n are G-invariant, and any G-invariant contact form is a non-zero multiple of θ.
Here, for g ∈ G, we set g(v) = Av + b (A ∈ O(n + 1), b ∈ R n+1 ). Then we get the diagram:
for the isotropy groups H, H ′ and H ′′ satisfying
The G-invariant volume forms on E n+1 and R × S n are unique up to non-zero constant. We can construct the Monge-Ampère system M = θ, dθ, ω with the Lagrangian pair (E 1 , E 2 ) globally on M = T 1 E n+1 .
Consider E n+2 × E n+2 with coordinates x = (x 0 , x 1 , . . . , x n+1 ), y = (y 0 , y 1 , . . . , y n+1 ). Set x · y = n+1 i=0 x i y i , the standard inner product. Consider
the unit tangent bundle of S n+1 . The standard contact structure D of T 1 S n+1 is defined by the contact form θ = n+1 i=0 y i dx i . Then we have the double Legendre fibration
where π 1 (x, y) = x, π 2 (x, y) = y.
Lemma 8.8 The above bi-Legendre fibration is contactomorphic to the standard model: The Lagrangian pair (E 1 , E 2 ) = (Ker(π 2 ) * , Ker(π 1 ) * ) is flat.
Proof : For instance, on the open subset U = {x 0 = 0, y n+1 = 0} of T 1 S n+1 , consider the system of coordinates
Thus we easily see that the diffeomorphisms Φ : U → R 2n+1 defined by Φ(x, y) = (x ′ , z, p ′ ) provides the required contactomorphism. ✷
the standard volume form on W 1 = S n+1 multiplied by c( = 0) ∈ R, and set
Then we have the following, which is the geometric form of the equation "Gaussian curvature = c".
Proposition 8.9 The associated Monge-Ampère system M with Lagrangian pair on M = T 1 S n+1 is generated by θ and
The Gaussian curvature of the projection to W 1 = S n+1 of a geometric solution of M is equal to constant c outside of singular locus, while the Gaussian curvature of the projection to W 2 = S n+1 of a geometric solution of M is equal to constant 1 c outside of singular locus, Remark 8.10 Note that the Gaussian curvature K of a hypersurface in the unit sphere S n+1 and its sectional curvature S as a Riemannian manifold are related by S = K + 1. For example, the great sphere S n ⊂ S n+1 has the constant Gauss map to S n+1 and K = 0, while has the sectional curvature 1.
Remark 8.11
The group G = O(n + 2) acts on W 1 = S n+1 , on W 2 = S n+1 and on S n+1 × S n+1 , thus on T 1 S n+1 = {(x, y) ∈ S n+1 ×S n+1 | x·y = 0}. The contact structure D = {θ = 0} and the contact form θ = n+1 i=0 y i dx i are G-invariant, and any contact form defining D is a non-zero constant multiple of θ.
We get the diagram:
The G-invariant volume forms on W 1 = S n+1 and W 2 = S n+1 are unique up to non-zero constant. We can construct the Monge-Ampère system M = θ, dθ, ω with Lagrangian pair globally on M = T 1 S n+1 .
8.4.
Monge-Ampère system on T 1 H n+1 as K = c in H n+1 .
In general, let us consider R n+2 r = R n+2 with the inner product
of signature (r, n + 2 − r). We set, for ε 1 = 0, ±1, ε 2 = 0, ±1, and for a real number a, S 2n+1 ε 1 ,ε 2 ,a = {(x, y) ∈ R n+2 r × R n+2 r | x · x = ε 1 , y · y = ε 2 , x · y = a, x = 0, y = 0}, provided that S 2n+1 ε 1 ,ε 2 ,a = ∅. Moreover we set S n+1 ε = {x ∈ R n+2 r | x·x = ε, x = 0} for ε = 0, ±1. On S 2n+1 ε 1 ,ε 2 ,a , the contact structure D is defined by θ = − by π 1 (x, y) = x and π 2 (x, y) = y.
In the case where r = 1, ε 1 = −1, ε 2 = 1, a = 0, since We get the diagram:
The G-invariant volume forms on W 1 = H n+1 and W 2 = S n+1 1 are unique up to non-zero constant. We can construct the Monge-Ampère system M = θ, dθ, ω with Lagrangian pair globally on M = T 1 H n+1 .
8.5. The Monge-Ampère systems introduced in the subsections 8.1-8.4 are all Euler-Lagrange Monge-Ampère systems (see Lemma 7.1). In fact, there exists a system of local coordinates (x ′ , z ′ , p ′ ) = (x ′ 1 , . . . , x ′ n , z ′ , p ′ 1 , . . . , p ′ n ) at any point of M such that a local contact form is given by θ = dz ′ − n i=1 p ′ i dx ′ i , the Lagrangian pair is given by E 1 = {v ∈ T M | θ(v) = 0, dp ′ 1 (v) = 0, . . . , dp ′ n (v) = 0}, E 2 = {u ∈ T M | θ(u) = 0, dx ′ 1 (u) = 0, . . . , dx ′ n (u) = 0}, the Monge-Ampère system M is generated by an n-form
dp ′ 1 ∧ · · · ∧ dp ′ n for some (pulled-back) functions f, g on W 1 , W 2 respectively. If a local contactomorphism Φ : M → R 2n+1 and diffeomorphisms ϕ : W 1 → R n+1 , ψ : W 2 → R n+1 gives the contactomorphism of the bi-Legendre fibration to the standard model, then we have (ϕ −1 ) * Ω 1 = f (x, z)dz ∧ dx 1 ∧ · · · ∧ dx n , (ψ −1 ) * Ω 2 = −g(p,z)dz ∧ dp 1 ∧ · · · ∧ dp n , for some non-zero functions f, g. Then the calculation in Example 7.3 yields the result.
For example, in Euclidean geometry 8.2, for the system of coordinates x ′ i = x i , p ′ i = −y i /y n+1 (1 ≤ i ≤ n), z ′ = x n+1 on the open set {y n+1 = 0}, the calculation yields that the Monge-Ampère system for K = c is generated bỹ
2 dp ′ 1 ∧ · · · ∧ dp 
